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Abstract. In a recent study of sign-balanced, labelled posets Stanley 1131 . 
introduced a new integral partition statistic 

srank(7r) = 0{7t) - 0{tt'), 

where 0{it) denotes the number of odd parts of the partition tt and n' is the 
conjugate of tt. In Andrews proved the following refinement of Ramanujan's 
partition congruence mod 5: 

po(5n + 4) = p2(5n + 4) = (mod 5), 

p(n) = po(n) +P2{n), 

where Pi{n) (i = 0, 2) denotes the number of partitions of n with srank = i 
(mod 4) and p(n) is the number of unrestricted partitions of n. Andrews 
asked for a partition statistic that would divide the partitions enumerated by 
Pi(bn + 4) (i = 0, 2) into five equinumerous classes. 

In this paper we discuss two such statistics. The first one, while new, is 
intimately related to the Andrews-Garvan [2| crank. The second one is in terms 
of the 5-core crank, introduced by Garvan, Kim and Stanton Finally, we 
discuss some new formulas for partitions that are 5-cores. 



1. Introduction 

Let p{n) be the number of unrestricted partitions of n. Ramanujan discovered 
and later proved that 

(1.1) p(5n + 4) = (mods), 

(1.2) p(7n + 5) = (mod 7), 

(1.3) p(lln + 6) = (mod 11). 

Dyson 5 was the first to consider combinatorial explanations of these congruences. 
He defined the rank of a partition as the largest part minus the number of parts and 
made the empirical observations that 

(1.4) iV(fc, 5, 5ti + 4) = + 0<fc<4, 

5 

(1.5) N{k, 7, 7n + 5) = ^^^"^'^ , < fc < 6, 

where N(k, m, n) denotes the number of partitions of n with rank congruent to k 
modulo m. Equation (|1.4I) means that the residue of the rank mod 5 divides the 
partitions of 5n+4 into five equal classes. Similarly, 1)1. 5|l implies that the residue of 
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the rank mod 7 divides the partitions of 7n+5 into seven equal classes. Dyson's rank 
failed to explain H1.3|l . and so Dyson conjectured the existence of a hypothetical 
statistic, called the crank, that would explain the Ramanujan congruence mod 11. 
Identities (|1.4|l - (|1.5|l were later proved by Atkin and Swinnerton-Dyer 3 . Andrews 
and Garvan |5] found a crank for all three Ramanujan congruences ()l.l|l - (|1.3|l . 
Their crank is defined as follows 



(1.6) crank(7r) 



£(7r), ifM'r)=0, 
t'(7r) — ^(tt), if ^(tt) > 0, 



where £{tt) denotes the largest part of tt, ij,{tt) denotes the number of ones in tt and 
^■(Tr) denotes the number of parts of tt larger than ^(tt). 

Later, Garvan, Kim and Stanton [S] found different cranks, which also explained 
all three congruences (|l.l() - (|1.3|l . Their approach made essential use of t-cores of 
partitions and led to explicit bijections between various equinumerous classes. In 
particular, they provided what amounts to a combinatorial proof of the formula 



(1-(75™)5 



(1-7) E^'(5- + 4)'7" = 5^7I_,™^6' 

r!>0 m>l ^ ^ ' 

considered by Hardy to be an example of Ramanujan's best work. 
The main results of [2] can be summarized as 

(1.8) M(fc,5,5n + 4) = ^^^^^-til, < /c < 4, 

5 

(1.9) M(fc,7,7n + 5) = ^^^^^^i-^, < A: < 6, 

(1.10) M(fc,ll,lln + 6) = 0<fc<10, 



and 



(1-11) =1171 



n>l m 

(i-g") 



(1 - xg")(l - x-ig") ' 

where Af(m, n) denotes the number of partitions of n with crank m and M(k, m, n) 
denotes the number of partitions of n with crank congruent to k modulo m. 
In 2i Garvan found a refinement of l|l.l|l 

(1.12) M(fc,2,5n + 4) = (mod 5), fc = 0, 1 
together with the combinatorial interpretation 

(1.13) M (2fc + a, 10, 571 + 4) = ^' ^" + < fc < 4, 

5 

with a = 0, 1. 

Recently, a very different refinement of p.l|l was given by Andrews Building 
on the work of Stanley jl3| . Andrews examined partitions tt classified according 
to ©(tt) and 0{tt'), where where 0{tt) denotes the number of odd parts of the 
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partition tt and tt' is the conjugate of tt. He used recursive relations to show that 



(1.14) G{z,y,q):= V S{n,r, s)q'' z^y 



{-zyq; q^) 



«.7I>o"'' ' ' ~ " {<l^;<l^)oo{z^q^\q'^)oo{y^q^]q'^)c 



where S{n, r, s) denotes the number of partitions vr of n with ©(tt) = r, 0{t:') — s, 
and 



(1.15) (a;q)oo = Jim (a;q) 

(1.16) {a;q)n = (a)„ 



1, ifn^O, 



A direct combinatorial proof of (|1.14l) was later given by A. Sills J^Ij A. J. Yee ^31 
and C. Boulet [Ij. Actually, C. Boulet proved a stronger version of (|1.14|) with one 
extra parameter. We define the Stanley rank of a partition tt as 

(1.17) srank(7r) = 0{tt) - 0{tt'). 
It is easy to see that 

(1.18) srank(7r) = (mod 2), 
so that 

(1.19) p{n)^po{n)+p2{n), 

where Pi{'n) {i = 0, 2) denotes the number of partitions of n with srank = i (mod 4). 
We note that 11.14|l with z ^ y^^ = \f~-\ immediately implies the Stanley formula 
[131 p.8] 

(-9;'7^)oo 



(1.20) Y.^V,{n)-p.{n))q- = - 
„>Q \H )oo\ q ,q )oo 

Using 1)1. l|l . (|1.19|) and (|1.20|) . Andrews proved the following refinement of Hl.l|) 

(1.21) po(5n + 4) =p2(5n + 4) = (mod 5). 

His proof of (|1.21() was analytic and so at the end of |T] he posed the problem of 
finding a partition statistic that would give a combinatorial interpretation of 1)1.21)1 . 
The object of this paper is to provide a solution to the Andrews problem. It turns 
out that there are two distinct integral partition statistics, whose residue mod 5 split 
the partitions enumerated by Pi{5n + 4) (with i = 0, 2) into five equal classes. The 
first statistic, which we call the stcrank, is new. However, it is intimately related 
to the Andrews-Garvan crank 1)1.6)1 . Unexpectedly, the second statistic is the "5- 
core crank" , introduced by Garvan, Kim and Stanton [5| . This second statistic not 
only provides the desired combinatorial interpretation, but it also provides a direct 
combinatorial proof of 1)1.21)1 . 

The rest of this paper is organized as follows. In Section 2 we define the stcrank 
and show that is indeed, a statistic asked for in ^ . In Section 3 we briefly review the 
development in ^ . In Section 4 we state a number of new formulas for partitions 
that are 5-cores. We sketch the "5-core crank" proof of ()1.21)l and we conclude 
with some open problems. 
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2. The stcrank 

We begin with some preliminaries about partitions and their conjugates. A 
partition tt is a nonincreasing sequence 

(2.1) 7r=(Ai,A2,A3,...) 
of nonnegative integers (parts) 

(2.2) Ai > A2 > A3 > • • • . 

The weight of tt, denoted by |7r| is the sum of parts 

(2.3) |7r| = Ai+A2 + A3 + --- . 

If |7r| = n, then we say that tt is a partition of n. Often it is convenient to use 
another notation for tt 

(2.4) 7r = (l/S2/%3/%...), 

which indicates the number of times each integer occurs as a part. The number 
fi = /«("■) is called the frequency of i in tt. The conjugate of tt is the partition 
7r' = (A'i,A^,A^,...) with 

A'l = /i + /2 + /3 + /4 + • • • 

(2.5) A^ = /2 + /3 + /4 + • • • 

= /3 + /4 + • • • 



Next, we discuss two bijections. The first one relates n and bipartitions (7ri,7r2), 
where 112 Ik a partition with no repeated even parts. 
Bijection 1 

TT -—^ (tTi, 7r2), 

where 

7r = (l/^2/^3/^...), 

TTl = (iL/^/2J^2L/^/2J,3L/«/2J,...), 

■K2 = (l•''^2^•^2>,3•^^4{•^=^^...), 

[x\ is the largest integer < x, and 

{a;} = a;-2[a;/2j. 

Indeed, remove from tt the maximum even number of even parts. The resulting 
partition is 7r2, The removed even parts can be organized into a new partition 
(22L/2/2J ^ 42L/4/2J ^ 62L/6/2J ^ . . . ^hich can easily be mapped onto tti. Clearly, we 
have 

(2.6) |7r| =4|7ri| + |7r2|, 

(2.7) srank(7r) = srank(7r2). 
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Figure 1. Graphical illustration of Bijection 2 



so that 



1 

\7T2 I ,.srank(7r2) 



Comparing H2.8|l and 11.14|) with zy = 1, we see that 

(2.9) ^gl'^ly' 



|7r2| srank(7r2) _ ( 1'T<f')c 



where the sum is over all partitions with no repeated even parts. 

To describe our second bijection we require a few definitions. We say that tt^ 
is a partition of type A iff tta — ^ ((l),7r2). We say that tt^ — (Ai, A2, A3, . . . ) is 
a partition of type B iff either {ttbI 7^ 4, Ai — A2 > 2, X[ — Aj > 2, Ai — 2 and A2 
are not identical even integers and ttb has no repeated even parts, or ttb ~ (3, 1). 

Obviously, 7:3 ((0),7I'b)- Our second bijection relates partitions of type A and 
B. 

Bijection 2 

2 

TTA > TTB, 

where 

= (l•'^^2■^^3■^^ . . .,mf"'), 

{(1/1+2^ 2-^'2-^ 3/3^4/4^ . . . , (m - l)/—!, m/'"-\ (to + 2)1), if to > 2, 
(1/1+2,41), ifTO = 2, /2=3, 

(1/1 + 1,31), ifTO = 2, /2=2, 

TO > 2, /2 = 2, 3, and f2^ = 0, 1 for i > 1. 
Clearly, we have 

(2.10) Itt^I = Ksl, 

(2.11) srank(7rA) = srank(7rB). 
Next, we define a new partition statistic 

(2.12) stcrank(7r) = crank(7ri) + -srank(7r) + '^{tt), 
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where tti is determined by tt (711,712), and the correction term '^(jr) = 1 if tt is 
of type B and zero, otherwise. We note that 

(2.13) stcrank(7rA) = — 1 + isrank(7rA), 
and 

(2.14) stcrank(7rB) = 1 + isrank(7rs). 

Equipped with the definitions above, we can now prove the following lemma. 
Lemma 2.1. // 

g{x,y,q) ^^kl^sto-ankW^srankW^ 
7r 

then g{x, y, q) has the product representation 



{q'^x, q'^/x, q'^y^x, q^ j {y'^x); g*)^ ' 
where 

(ai, 02, 02, . . . ; q)oD = (ai; g)oo (02; 9)00(03; 9)00 • • • ■ 

Proof. If 7r is not of type B and 7r (7ri,7r2), then using (|2.t)|) - (|2.7|) . (|2.12|) we 
find that 

(2 15) ^|7r|^stcrank(;T)ySrank(ir) _ ^4|7ri | + |7r2 | ^crank(7ri ) j-^^2^srank(ir2)/2 

2 

On the other hand, if tt = tta and tta — > tt^, then 

q\TTA\^stcrank{TrA)ySrank{TTA) _|_ | ^stcrank(7r£j ) ^srank(7rB ) 

(2.16) =gl'^-^l(a; + X-l - l)(V)'^>-a"k(TA)/2 _^ ^kBl2.0(^y2)sra„k(^B)/2^ 

Here we have used ^^-^1^ and ifTTUIl - ltmil . 
Equations H2.15() . p. 16(1 imply that 

(2.17) J2 gl'^la;"*"^"'^''^)?/"™'^^'^) = ^ q^^^'^^wix, TTi) ^ ^^2! (2.y2)srank(^2)/2 

where 

(2.18) w{x,Tri) 



X + X "'^ — 1, if TTl = (1), 

^crank(7ri) otherwise. 



We note that in the first sum on the right side of (|2.17(l the summation is over 
unrestricted partitions tti , and in the second sum the summation is over partitions 
7r2 with no repeated even parts. Finally, recalling p.ll|l with q ^ q^ and 12.91) with 
y^ — s- xy"^ , we obtain 

\ ^ IttI stcrank(7r) sran 

^ {xq'^,q'^/x;q-^)oc {xy^q"^ ,q'^ / {xy"^); q'^)co' 

as desired. □ 
Next we show that 

(2.19) the coefficient of q^''+^ in g{^, 1, q) = 0, 

(2.20) the coefficient of g5»+4 in g(^^ ^^i^ ^ q, 
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where f is a primitive fifth root of unity (^^ — 1). We use the method of i^. We 
need Jabobi's triple product identity 

oo 

(2.21) J2 ^"9"' = (9',-'?^-9/^;9')oo, 

n— — OG 

which impHes that 

00 

(2.22) (q^;q^)^i-q;q^)^ = (q\-q\-q;q^)^^ ^ = ^ 

n= — 00 k>0 

and 

(2.23) (q^e, qVe, q'; q'U = E (-l)"'?''^'"r'"(l - ^'"+'). 

^ m>0 

Here Tk = k{k + l)/2. By Lemma and equations and TTI^ we have 

'^^ {q*LqyLq'LqyC,q')oo {q'°;q'°)oo 

(2.24) = ^2(,ro■L^ E (-D'-^Z^^^+^^r^-d - e^"+^). 

Note that 2T™ + 7^ = 4 (mod 5) iff = m = 2 (mod 5), but then 1 - S,*"'+'^ = 0. 
This proves (|2.19(l . The proof of (|2.2()(l is analogous. 

Let Pi{k, m, n) denote the number of partitions of n with srank = i (mod 4) and 
stcrank = k (mod m). Clearly, 

_ 9{S.A,q) + 9{S.,V^,q) 



(2.25) E^'E^o(^'5'")9"= 2 

fc=0 n>0 



4 



(2.26) E^'E^2(fc,5,n)q 

fe=0 n>0 

Combining (|TTn|) - (|T^ and ifT^ - lfT^ we find that 

4 

(2.27) E '?''-P«(fc' 5, 5n + 4) = 0, (for i = 0, 2), 
which implies that 

(2.28) P,(0, 5, 5n + 4) = 5, 5n + 4) • • • P,(4, 5, 5n + 4). 
On the other hand 

4 

(2.29) p,(5n + 4) = E^'»(^>5,5n + 4), 

fe=0 

so that 

(2.30) P,(fc,5,5n + 4) = ip,(5n + 4), 

5 

for i = 0,2 and fc = 0,1,2,3,4. Thus, we have proved the main result of this 
section. 
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Theorem 2.2. The residue of the partition statistic stcrank mod 5 divides the 
partitions enumerated by pi{5n + 4) with i = 0,2 into five equinumerous classes. 

We illustrate this theorem in Table 1 below for the 30 partitions of 9. These 
partitions are organized into five classes with six members each. In each class the 
first 4 members have srank = (mod 4) and the remaining two members have 
srank = 2 (mod 4). 

Table 1. 





stcrank = O(mod 5) 


l(mod 5) 


2(mod 5) 


3(mod 5) 


4(mod 5) 


srank = 
(mod 4) 


(33) 
(13,21,41) 
(l\3i,5i) 
(4\5i) 


(15,22) 

(l^5l) 

(12,21,51) 
(91) 


(14,21,31) 

(l^32) 

(11,42) 

(2^5l) 


(11,24) 

(l^3l) 

(11,21,61) 
(2\7i) 


(19) 
(12,22,31) 
(23,31) 
(12,71) 


srank = 2 
(mod 4) 


(1^,23) 
(1^,61) 


(11,21,32) 
(12,31,41) 


(l5,4i) 
(11,81) 


(1^21) 
(11,22,41) 


(21,31,41) 
(3\6i) 



Finally, we note that the equation 
(2.31) srank(7r) = — srank(7r') 

implies that a partition n is self-conjugate only if srank(7r) = 0. This means that 
the involution tt — > n' has no fixed points if srank(7r) = 2 (mod 4). Hence, 
2 I P2{5n + 4) and by H1.21|l we have the stronger congruence 

P2(5n + 4)EE0 (mod 10). 



3. t-CORES 

In this section we recall some basic facts about f-cores and briefly review the 
development in [^j. A partition tt is a called a t-core, if it has no rim hooks of 
length t ^ni- We let at{n) denote the number of partitions of n which are i-cores. 
In what follows, 'I'i-core denotes a t-core partition. Given the diagram of a partition 
TT we label a cell in the i-th row and j-th column by the least nonnegative integer 
congruent to j — i (mod t). The resulting diagram is called a i-residue diagram ^1 
p.84]. 

Let P be the set of all partitions and Pt-coie be the set of all t-cores. There is 
well-known bijection which goes back to Littlewood ^I]. (j>i : P ^ -Pi-core ^ P ^ 
•••xP, 

(3-1) (l^iiT^) ^ in-core^^t), 

(3.2) 7ft = (7fo,7fl,7f2, . . . ,7ft_l), 

such that 

t-i 

(3.3) k| = ki-corel+iEk'l- 

1=0 
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This bijcction is described in more detail in [El, and [H]. The foUowing identity 
is an immediate corohary of this bijection. 

(3-4) 7-^ - Ep(-)'^" - uihn ^ 

It can be rewritten as 



(3.5) 5]a*( 



n)q = 



(g)c 



n>0 

There is another bijection (/)2, introduced in It is for t-cores only. 02 : 
Pt-core ^ {n= (no,ni, . . . ,nt_i) : n,, e Z,no H h = 0}, 

(3.6) 02(7ri_core) " = ("o, ni, ^2, • ■ • , "t-i)- 
We call n an n-vector. It has the following properties. 

(3.7) neZ\ n-lt^O, 
and 

^ t-i t-i 

(3-8) kt-corel = 2 ^ ^ 

i=0 n=0 

where the t-dimensional vector It has all components equal to 1. The generating 
function identity that corresponds to this second bijection is 



(3.9) E E 9^" 



n|| +6j-n 



n>0 n£Z* 

n-rt=o 

Here 

(3.10) p||2 = ^n2, and h ^ (0,1,2, ... ,t - 1). 

i=0 

To construct the n- vector of 7r^-core H3.6|l . we follow 8 and define 

(3.11) '"(TTt-core) = (^o, ri, ra, . . . , rt_i), 

where for < i < t — 1, ^^(Tr^.QQj.g) denotes the number of cells labelled i (mod t) 
in the t-residue diagram of 7r^-core- Then (|3.6|l can be given explicitly as 

(3.12) <p2{n-C0Te) = n= [ro- ri,ri - r2,r2 - rg, . . .,rt-i - ro). 

We note that is a multiple of t since n - It = 0. Hence by H3.4|l and 13.9|l we 

have 



(3.13) ^at(tn + %*"+^= ^ q 



il|n||2+bfn 



nSZ*, n-lt=0 
n-bf=5 (mod i) 



and 



(3.14) E^^(^" + '5)9" = 7;;TrE«*(^'^ + '^)'' 

r!,>0 

where 5 = 0, 1, 2, . . . , t - 1. 



(a)* 

n>0 n>0 
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We now assume t ~ 5. For the case 6 = 4 the right side of can be simphfied 

using the the following change of variables. 

n-o = ctQ + a4, 

rii = — ao + ai + a^, 

(3.15) n2 = -ai + a2, 

713 = -"2 + "3 - 014, 

We find n is an n-vector satisfying n ■ = A (mod 5) if and only if 

(3.16) d = (ao, ai, Q!2, as, q;4) G 
and 

(3.17) ao + ai + a2 + as + a4 = 1. 

We call d and a- vector. Hence, by H3.13|l and (|3.14|l we have 

(3.18) ^a5(5n + 4)g"+i = ^ qQ^'^\ 

n>0 515=1 

and 

q 

=] 

sez''' 



(3.19) ^p(5^ + 4)g"+i^ 1 ^ .Q(5) 



">0 ^^^^^ 5.15 = 1 



where 

(3.20) Q(d) = \ \d\f - (aoai + aia2 H h a4ao). 

If |7r| = 4 (mod 5) and t — 5, we can combine bijections 0i and (f>2 into a single 
bijection 

(3.21) (f>(^) = (d,#5), 
such that 



(3.22) |7r| = 5Q(d)-l + 5^|7f,|. 

i=Q 

Next, following [2j we define the 5-core crank of tt when \7t\ = 4 (mod 5) as 

4 2 

(3.23) €5(77) = 1 + itti = 2(1 + no — 7ii — ^2 + 713) = 2 + «72-i (mod 5), 

'i=0 i=-2 

where a is determined by H3.21|l . 

It is easy to check that Q{a) in 13.22|l remains invariant under the following 
cyclic permutation 

(3.24) Ci(d) = (a4, ao, ai, a2, as), 
while c^iir) increases by 1 (mod 5) under the map 

(3.25) d{n) = <i>-\di{d),^5)- 
In other words, if |7r| = 4 (mod 5), then 

(3.26) IttI = |0(7r)|, 
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and 

(3.27) C5(7r) + lEEC5(6(7r)) (mod 5). 

This suggests that all partitions of 5n + 4 can be organized into orbits. Each orbit 
consists of five distinct members; 

(3.28) TT, din), d^in), d'iir), d^n), 

and each element of the orbit has a distinct 5-core crank (mod 5). Clearly, the 
total number of such orbits is ■|p(5n + 4), and so p{5n + 4) = (mod 5). This 
summarizes the combinatorial proof of given in 9 . If we apply the map O 
H3.25|l to the partitions of 5n + 4 that are 5-cores, we find that 

(3.29) a°(5n + 4) = al{5n + 4) = • • • = a^(5n + 4), 

where, for < j < 4, ag(n) denotes the number of partitions of n that are 5-cores 
with 5-core crank congruent to j modulo 5. Hence, 

(3.30) a|(5n + 4) = ia5(5n + 4), j = 0,l,...,4, 



which proves that 

(3.31) a5(5n-|-4) = (mod 5). 
Actually, more is true. We have 

(3.32) a5(5n + 4) = 5a5(n). 

We sketch the combinatorial proof of H3.32I) given in J^. See also The map 
^ ■ ^5-core(") — * ^S-core^"^"" ~^ defined in terms of n-vcctors as 

n IS- n' = (rii + 2n2 + 2n4 + 1, — rii — n2 + ris + ^4 + 1, 2ni + n2 + 2^3, 

(3.33) — 2^2 — 2n3 — 71,4 — 1, ~2ni — 713 — 2n4 — 1), 

is a bijection. Here ^'5_core("') ^^'^ '^^ 5-cores of n, and P^.^-ove^^^ 

all 5-cores of n with 5-corc crank congruent to zero modulo 5. Since is a bijection, 

we have 

(3.34) a5(n) = a^(5n-|-4). 

The proof of H3.32|l easily follows from 13.30|l and H3.34|l . Finally, we remark that 
Ramanujan's result 11. 7|) is a straightforward consequence of 13.1411 with(t, 5) = 
(5,4), EnH), and ^231) with t = 5. 

4. Refinement of Ramanujan's mod 5 congruence, the srank and the 

5-core crank 

In the previous section we discussed the combinatorial proof in P| of Ramanu- 
jan's congruence Hl.l|) using the the 5-core crank H3.23|l . It is somewhat unexpected 
that the 5-core crank can be employed to prove the refinement p.21fl as well. 
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In fact, we were amazed to discover the following elegant formulas 



4 

(4.1) srank(7rr3_gpj.g) = ^(rii + i)'^ (mod 4), 

4 

(4.2) srank(7r) = srank(7rg_gpj.g) + srank(7fi) 

i=0 

4 

+ 2^\ni\{n, + i) (mod 4), 

i=0 

where Trg.gQj-g, tt = (ttq, tti, 7f2, tts, 7f4) are determined by with t — 5, and 
n = (^0,^1, ... ,714) = 02(7r5_coj.e)- 



In spite of their simple appearance, the above formulas are far from obvious. The 
proof of H4.1|l - H4.2|) will be given elsewhere. Here we restrict our attention to some 
implications of (|4.1|I - H4.2|I . 

First, we note that if |7r5_Qorel = ^ (mod 5), then H4.1|l can be written in terms 
an a-vector (|3.15ll as 
(4.3) 

srank(7r5_gpj.g) = uqUi (ao — ai) + Qia2(ai — 0:2) + • • • + a^aQ^a^ — uq) (mod 4). 
Similarly, if \tt\ = 4 (mod 5), then 

4 

srank(7r) = aoai (ao — ai) + ■ ■ ■ + a4ao{a4 — uq) + srank(7fi) 

1=0 

(4.4) +2{(ao + a4)|5fo| + (02 + a3)|7fi| + (ai +a2)|7f2| 
+ (ao + ai)|7f3| + (as + a4)|7f4|} (mod 4). 

Remarkably, H4.3|l suggests that srank(7r5_gQj.g) with |7i'5_corel = ^ (mod 5) remains 
invariant mod 4 under the cyclic permutation (|3.24|) . and we have the following 
refinement of H3.3UII : 

(4.5) al/5n + 4) = ^a^^bn + 4), 

where j = 0,. . . ,4 and i = 0, 2. Here a5,i(n) denotes the number of 5-corcs of 
n with srank = i (mod 4) , and ^ (n) denotes the number of 5-cores of n with 
srank = i (mod 4) and 5-core crank = j (mod 5). Moreover, it is not difficult to 
verify that the map 9, given by H3.33|l . preserves the srank mod 4. Indeed, recalling 
that rio + Til + n2 + + ~ we find after some simplication that 
4 

^((rij + if - {n'i + if) = 2(non2(no + ^^2) + "-i?^3('^i + nz) + n2nz{n2 + na) 

i=0 

(4.6) + ni(ni + 1) + n2(n2 + 1) + «•3(^^3 + 1)) 

= (mod 4), 

where n' is defined in H3.33|l . Hence, H3.34|l and (|3.32|) can be refined as 

(4.7) a5,.(n) = aO,(5n + 4), (i = 0,2), 
and 

(4.8) a5,^(5n + 4) = 5a5,^(7l), (i = 0,2), 
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respectively. 

It is less trivial to prove the 5-core crank analogue of Theorem 12.21 Namely, 

Theorem 4.1. The residue of the 5-core crank mod 5 divides the partitions enu- 
merated by Pi{5n + 4) with i ~ 0,2 into five equal classes. 

Proof. We sketch a proof assuming H4.4|l and (|4.5|l hold. We define the cyclic shift 
operator C2 by 

(4.9) (72(715) = (7f4,7f 2, 7f3,7fo,7fl), 

Next, we use H4.9(l to modify (|3.25(l as 

(4.10) ds{7T) = ^-\di{d), 02(^5)), 

where $(7r) — (a, tts). Fix i = 0,2. By H4.4|l we see that Os preserves the srank 
mod 4, and we may assemble all partitions of 5n + 4 with srank = i (mod 4) into 
orbits: 

TT, OsiTT), dl{n), OUtt), dtin), 

where tt is some partition of 5n + 4 with srank(7r) = i (mod 4). As before, each 
orbit contains exactly five members and the 5-core crank increases by 1 mod 5 along 
the orbit. The number of these orbits is ^pi{5n + 4), consequently pi{5n + 4) = 
(mod 5) and the result follows. □ 

Theorem 14. II is illustrated below in Table 13 which contains all 30 partitions of 
9, organized into 6 orbits. Each row in this table represents an orbit, and the first 
row lists all partitions of 9 that are 5-cores. 



Table 2. 





5-core crank = 0(mod 5) 


l(mod 5) 


2(mod 5) 


3(mod 5) 


4(mod 5) 


srank = 


(l4,5i) 


(l3,32) 


(1^,21,31) 


(11, 21, 61) 


(2^5l) 


(mod 4) 


(15,22) 


(2^3l) 


(12,71) 


(41,51) 


(13,21,41) 




(33) 


(1«) 


(l\3i,5i) 


(1^22,3l) 


(9I) 




(21,71) 


(12,21,51) 


(11,24) 


(l^3l) 


(11,42) 


srank = 2 


(13,23) 


(13,61) 


(21,31,41) 


(11,81) 


(12,31,41) 


(mod 4) 


(31, 61) 


(11,22,41) 


(1^2l) 


(11,21,32) 


(1^,41) 



New, we state some new formulas for a^fi^n): 

(4.11) a5,o(4n) ^ a5(4n), 

(4.12) a5,o(4n+l) =a5(4n-hl), 

(4.13) a5,o(4n + 2) = 0, 

(4.14) a5,o(4n-h3) = a5(n). 

Formulas H4.11|l - 14.13|l follow from H4.1|l . Formula H4.14(l is a consequence of the 
following bijective map, defined in terms of ri-vectors by 

(4.15) n^n' = [2ni, 1 + 2^4, 2^2, -1 + 2no, 2713). 
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The important properties of (|4.15|l are 

(4.16) |</.2-^(n')|=4|<^2-i(n)|+3, 
and 

(4.17) srank((/.^^(n )) = (mod 4). 
The details will be given elsewhere. 

5. Concluding remarks 

While the stcrank development in section 2 followed naturally from the Andrews 
product H1.14|l . the 5-core crank development in the previous section arose in an 
unexpected fashion. One may wonder, if there exists an additional new partition 
statistic, closely related to the Dyson rank, whose residue mod 5 splits the partitions 
enumerated by pi{5n + 4) with z = 0, 2 into 5 equal classes. Finally, we would like 
to pose the 

Problem. Is there an analogue of the Stanley rank, which gives a refinement for 
Ramanujan's partitions congruences mod 7 and mod 11? 

Acknowledgements. We would like to thank George Andrews and Krishna AUadi 
for their genuine interest and encouragement. 
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